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INTRODUCTION 
Progress in materials' science and engineering has lead to the development of 
low-density composite materials exhibiting high strength and toughness. Those 
structural materials like fiber composites and metal-matrix composites (MMC) have 
gained an important industrial role, being widely applicated e.g. in aerospace 
industries. The need for their proper testing in view of delaminations, inclusions and 
other defects has correspondingly stimulated the interest in studying wave 
propagation in such anisotropic media. In this study, the fundamental mathematical 
formulation of Huygens' principle is employed to derive an integral representation for 
transducer-generated wavefields. Use is made of the dyadic and triadic Green's 
functions, which have been derived recently in form of their 2d-space-time spectral 
representations for the case of transversely isotropic symmetry [1], which is 
characteristic for unidirectional fiber composites and extruded MMCs, but also for 
ideally fiber-textured columnar-grained steels. A particularly interesting outcome of 
this analysis is the generalized formulation of the transversely isotropic 
Rayleigh-function describing the Rayleigh-wavefronts propagating at the free surface. 
Since the material's spatial orientation is included as an additional parameter, a 
coordinate-free approach is used to reduce the inherent complexity of this analysis as 
far as possible. The use of the derived relationships for modeling transducer radiation 
into these media, possible ways of evaluation and the significance of the generalized 
Rayleigh-function are discussed. 
PLANE WAVE RELATIONSHIPS 
The plane wave solutions for a general transversely isotropic medium are 
obtained from the equation of motion for the displacement vector.ll. Assuming time 
dependence", e-jwt , where w denotes the circular frequency, it reads [2] 
(1) 
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Figure 1. Orientation of the cartesian coordinate system with regard to the fiber axis, 
which is designated by unit vector g,. Here, g, is parallel to the surface plane, which is 
the case under concern. Wave propagation direction is designated by unit vector Ie 
where R designates the spatial coordinates, 'V is the gradient vector and f accounts 
for the volume force density. The material parameters are given by density {! and the 
elastic stiffness tensor ~ , which can be formulated as a function of fiber direction g, 
according to 
Q(g,) = A.L U + /l.L [UD1324 + (U)1342] + (v - A.L) [!g,g, + g,g,!] 
+ (1111 -11.L) [Ug,g,)1324 + (g,g,D 1324 + (hg,)1342 + (g,g,!)1342] 
+ [A.L + 211.L + All + 21111 - 2(v + 21111)] g,g,g,g,. (2) 
The upper indicial notation indicates pertinent index change in the tetrads, ! is the 
dyadic idemfactor. The elastic constants Cll , C33 , C44 , C66 and C13 for the case when 
the fiber direction is parallel to the x-direction (Figure 1) are - in correspondence with 
the isotropic case - expressed by the generalized Lame constants All + 2/% A.L + 211.L, 
1l.L, 1111 and v. 
The plane harmonic wave solutions of (1), i.e. the solutions to the 
homogeneous (f = Q) equation of motion, are in the form 
!!a(R,w) = U Y.a exp [j K,;k· R] , (3) 
where K is the propagation direction. The determination of the polarization vectors 
Ya and the wave numbers K" has been described in detail elsewhere [3]. The 
dispersion relations are given by 
{!W 2 / [11.L + (1111 - 11.L)(g,· K)2] , 
{!W2 (B ± (B2 - 4A)t) /(2A) , 
(4) 
(5) 
where A and B depend on the generalized Lame constants, the fiber direction g, and 
the propagation direction K. As apparent from Eq. (4), the SH-wave is a pure 
transverse wave, since it contains only the shear-moduli 1111 and 11.L, whereas the two 
quasi-waves (qSV, qP) are in general neither pure transverse nor pure longitudinal 
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waves, respectively. This is also apparent from the polarization vectors, which have 
been explicitly given in Reference [3). 
GREEN'S FUNCTIONS 
Green's dyadic function G is defined in correspondence to Eq. (1) by the 
differential equation [2) 
(V· ~. V)· G(R,w) + (!W 2 G(R,w) = - ! 8(R) , 
where {j is the three-dimensional delta function; Green's triadic function g is then 
defined according to -
~(R,w) =.c.: VG(R,w). 
= =-
(6) 
(7) 
For the materials considered in this contribution, these functions have been obtained 
in form of their STSRs [1) in the following way. Applying spatial Fourier-transform 
(FT) with respect to R in terms of 
to Eq. (6) yields (K. ~. K - (!W 2 !) . G(K,w) = L 
similarly Eq. (7) is transformed into 
From the resulting 3d-STSRs of G and g, their 2d-STSRs are obtained by 
one-dimensional inverse FT according to 
to yield 
G(Kx,Ky,z,w) 
t(Kx , Ky , z,w) 
ASH ±. K A qSV ±. K A qP ±. K 
= ~ e JZ zSH + ~ e JZ zqSV + ~ e JZ zqF, 
A SH ±. K A qSV ±j K A qP ±. K 
= ~ e JZ zSH + ~ e Z zqSV + ~ e JZ zqF • 
==0 ==0 ==0 
(8) 
(9) 
(10) 
(11 ) 
(12) 
(13) 
Here, the positive sign applies for z > 0, the negative sign for z < o. The explicit 
expressions for ~ and ~ (a = S H, qSV, qP) have been given in Reference [1). The 
K za are functions of the elastic constants, the fiber direction and - for the case of !J.'s 
2d-variability considered here - of the vector Kr == (Kx, Ky, 0). The explicit 
representations have also been derived in Reference [1). The corresponding results for 
!J. variable in 3d-space can be obtained following Reference [4). 
PLANE WAVE SPECTRAL DECOMPOSITION (PWSD) 
The differential equation for displacement vector!!, Eq. (1), can be solved in 
terms of an elastodynamic Huygens' principle [2). As has been described by Fellinger 
[5], this solution can be reformulated as a two-dimensional spatial convolution integral 
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with respect to x' and y'. This integral yields - applying the convolution theorem for 
FTs - the displacement vector for a source-free half-space as 
!!(x,y,z~o,w) = (2~ri:LOO{k(Kx,Ky'W)'fk(KX)Ky,Z'W) (14) 
-fJo(Kx, Ky, w) . ~(Kx, K y, z, w)} ei(xKx+yKyjdKxdKy. 
For z = 0, the relationship 
k(Kx,Ky,w) . fk(J<x'!<y, z = O,w) 
-fJo(Kx, K y, w) . ~(Kx, K y, z = 0, w) (15) 
results, which combines the two distributions !!o(x, y, w) and to(x, y, w). The tensors 
fk(J<x, Ky, z,w) and ~(Kx, Ky, z,w) follow from the 2d-STSRs of the respective 
Green's functions in the limit z -+ 0+. As derived in Ref. [1], they are given by 
fk(Kx,Ky,z = O,w) 
~(Kx,Ky,z = O,w) 
,SH 'qSV 'qP 
= ~ +~ +~, 
,SH 'qSV 'qP 
= ~ +~ +~, 
where the explicit expressions ([1]) contain the vectors K", defined by 
Kx ~ + Ky ~y + KzSH ~z , 
Kx ~ + Ky ~y + Kzqsv ~z , 
Kx ~ + Ky ~y + Kzqp ~z • 
PWSD FOR GIVEN SURFACE TRACTION 
(16) 
(17) 
(18) 
Assuming that to(x,y,w) is given in the x-y-plane, e.g. by ascribing a 
physically reasonable (volume) force to a transducer aperture, while the exterior 
surface of the half-space is stress-free, Fast-Fourier-Transformation (FFT) yields its 
2d-STSR k(Kx, Ky, w). The determination of the corresponding displacement 
distribution fJo(Kx, Ky,w) is then performed according to 
fJo(Kx, Ky,w) = (19) 
k(J<x, Ky,w)· fk(J<x,Ky, z = O,w)· (! + ~(J<x, Ky, z = 0,w)f1 , 
which results from Eq. (15). Substituting Eq. (19) into Eq. (14), yields the 
displacement vector as 
( >0) ( 1 )2 100 100 t' (KT K ) A' (tj _i(xKx+yKyjd F d T.T !! x,y,z _ ,w = 211" -00 oo.!>.() x, y,w,= '='" 1\x 1\y, 
where 
(20) 
~(tj == fk(Kx, Ky, z,w)-fk( .. , z = 0, .. ). (! + ~(.., z = 0, .. ) rl·~(J<x, K y, z,w). (21) 
Making use of Eqs. (16) and (17) allows to rewrite Eq. (21) in the form 
(22) 
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so that Eq. (20) finally transforms into the integral representation 
Equation (23) is in structure totally analogous to the corresponding integral 
representation for given displacement distribution [1]. Accordingly, the J:::,l represent 
the separation dyads for the case of given surface traction, which is indicated by the 
upper index. Following the isotropic case [5], the generalized (transversely isotropic) 
Rayleigh-function ngen(i! ,Kr) has been introduced in Eq. (23) according to 
(24) 
Here, the explicit dependence on fiber direction i! = (cos a, sin a, 0) and on the 
cylindrical coordinate Kr in K-space is indicated. The explicit expressions for J:::,l and 
ngen(i! ,Kr) are given in Reference [6]. 
DISCUSSION 
From Eq. (24) the isotropic Rayleigh-function can be obtained by replacing the 
generalized Lame constants by the isotropic constants A and fJ-. In consequence, all 
expressions involving fiber direction i! vanish, the SH- and qSV-terms contract to 
form the isotropic S-terms, so that 
(25) 
results, where the isotropic Rayleigh-function is given by 
(26) 
Accordingly, the expressions for Kp,s and Kzp,s follow as Kp,s =w/vp,s and 
Kzp,s = jK]"s - K;, where v], = (>. + 2fJ-)/ (!, v} = fJ-fe. Setting R(Kr = kR ) = 0 yields 
the Rayleigh-wavenumber kR, which has to be determined numerically. With 
ngen(i! ,Kr) given by Eq. (24) for i!=(cosa,sina,O), the evaluation of 
ngen(i! ,Kr) = 0, yielding the Rayleigh-wavenumbers Kr = kiiiso(i!, Kr) for the case 
under consideration, can be performed following Buchwald [7]. He examined the case 
of transversely isotropic media for fiber direction fixed to the x-direction. For this 
orientation, Buchwald has given an expression analogous to Eq. (26), which is 
included as a special case in the generalized Rayleigh-function given above. With the 
free surface containing the axis of rotational symmetry, he obtained slowness as well 
as group velocity curves (wave curves) for several materials for the case a = 0°. Figure 
2 shows the group velocity diagram for apatite, taken from Reference [7]; for fiber 
angle ai-0°, the diagrams are to be accordingly rotated. The difficulties involved with 
the evaluation of ngen(i! ,Kr) and Eq. (23) become apparent when considering two 
interesting features reported by Buchwald: the existence of narrow wedges in fiber 
direction, where no propaga:tion of Rayleigh-waves (RW) occurs for some materials 
and - in other cases (Fig. 2b) - the propagation of up to five RWs in certain directions. 
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Figure 2. Group velocity curves for apatite, (b) being a magnification of a part of (a); 
the diagrams are taken from Reference 7. The Rayleigh-wave curve in (a) is given by 
the innermost curve. The other lines represent the wave curves of the three bulk waves. 
Additional difficulties arise when the question of possible RW-propagation is 
principallyadressed. Synge [8] suggested that RWs can, in general, not be propagated, 
and showed that for transverse isotropy these can only be propagated in cases where 
the material's surface contains an axis of symmetry, thus including the case considered 
in this article. Extending the scope of interest to the case of a 3d-variable fiber 
direction, i.e. a case where in general no axis of symmetry is lying in the free surface, 
and following these suggestions would imply that no RW-propagation takes place. 
However, the existence theorem by Barnett and Lothe [9] implies that, regardless of 
the symmetry of the transmitting medium, a unique subsonic surface wave 
(Rayleigh-wave) usually exists (with only few exceptions), and that efficient numerical 
procedures are then available for computing their velocity and other properties. 
Furthermore, RWs in anisotropic half-spaces show possible differences as 
compared to the isotropic case, additional to the variation of phase velocity and group 
velocity with propagation direction. As pointed out by Dieulesaint and Royer [10], 
these differences are (i) a displacement with - in general - three components instead of 
two for an isotropic solid, (ii) an oscillation of each component with depth and along a 
distance from the surface greater than twice the wavelength, and (iii) the existence of 
socalled pseudo-surface wave modes. These modes - accordingly also designated as 
supersonic surface waves - have a wave speed higher than shear (horizontal) velocity, 
while the ordinary RW is always less in velocity, hence the designation subsonic 
surface wave. These aspects show that RW-propagation in anisotropic media is 
considerably more complex than in the isotropic case, thus emphasizing the difficulties 
for the evaluation of ngen(!J,. ,Kr ), especially in the case of 3d-variable fiber direction. 
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However, the case of.i! lying in the x-y-plane considered here should be treatable 
following the guidelines given by Buchwald [7]. 
Once the Rayleigh-wavenumbers Kr = kJ{iso(.i!, Kr) have been obtained, the 
evaluation of Eq. (23) for modeling transducer radiation as important to 
nondestructive testing is principly treatable as in the isotropic case [5]. The different 
steps to be accordingly performed are shortly summarized in this paragraph with 
respect to the case considered here. For higher transparency, the corresponding 
evaluation is - without loss of generality - performed two-dimensionally. Assuming a 
normal transducer of width 2w yields surface traction within the transducer aperture 
according to 
k(x,y,z = O,t) = f(t) ~z, (27) 
where time-dependence is characterized by f(t); surface traction is zero outside the 
transducer aperture. Space-time Fourier-transformation accordingly yields 
(28) 
Inserting Eq. (28) into Eq. (23) allows immediate performance of the Ky-integration 
after the contraction of to and ;:'l has been performed. This contraction yields 
relatively simple expressions [6], so that with to . ;:'l == i!:l (.i!, Kr) the displacement 
vector due to wave mode Q is given by 
Here, the sine-function has been decomposed into exponentials, and the dependences 
on Fourier-variable Kx are expressed explicitly. The integrand of Eq. (29) has single 
poles on the real Kx-axis at Kx=O and all Kx=k~SO(.i!), where Rgen(.i! ,Kx)=O. 
Applying a partial fraction expansion transforms Eq. (29) into a representation where 
],!"(x, z 2: O,w) is composed of integrals of the kind 
where E(K~) =f:. 0 for K~ = 0, K~ = kJ{~SO(.i!). Isolating the contribution of the pole 
Kx=K~ to the integral (30) leads to 
(30) 
The first integral of this equation can be computed analytically, the second integral 
can now be evaluated using FFT, because its integrand is free of singularities. A 
detailed discussion concerning this evaluation has been given by Fellinger [5]. 
CONCLUSION 
For general transversely isotropic half-spaces an integral representation for 
transducer-generated wavefields has been derived. Using a coordinate-free approach, 
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the orientation of the material's axis of rotational symmetry has been retained as an 
additional parameter, accordingly the resulting relationships have to be evaluated 
numerically. This evaluation - to be performed for a physically reasonable surface 
traction within the transducer aperture - is aggravated by two facts. First, the 
implementation of the excessive expressions characterizing the quantities to be 
included appears to be a dead-end job, but is nevertheless manageable, as has been 
shown for the corresponding case of given displacement distribution (see Eq. (87) in 
Reference [1]). Second, the evaluation of the generalized Rayleigh-function is far from 
triviality, but should be possible as has been discussed in this contribution. Since in 
the derivation of Eq. (23) any simplifying assumption has been rejected, the resulting 
formulation is exact. From this point of view it is particularly interesting to compare 
results of this theory with corresponding results obtained by approximative approaches 
such as, for example, the Generalized Point-Source-Synthesis-method [4,11]. 
REFERENCES 
1 . M. Spies, "Elastic Wave in Propagation in General Transversely Isotropic Media. 
I: Green's Functions and Elastodynamic Holography," J. Acoust. Soc. Am. 
96, 1144-1157 (1994) 
2 . Y.H. Pao, V. Varatharajulu, "Huygens' Principle, Radiation Conditions and 
Integral Formulas for the Scattering of Elastic Waves," J. Acoust. Soc. Am. 59, 
1361-1371 (1976) 
3 . M. Spies, "Elastic Waves in Homogeneous and Layered Transversely Isotropic 
Media: Plane Waves and Gaussian Wave Packets. A General Approach," 
J Acoust. Soc. Am. 95,1748-1760 (1994) 
4 . M. Spies, "Transducer-Modeling in General Transversely Isotropic Media Via 
Point-Source-Synthesis. Theory," J. Nondestr. Eval. 13,85-99 (1994) 
5 . P. Fellinger, A Technique For Numerical Solution of Elastic Wave Propagation 
Problems in Time-Domain by Direct Discretization of the Fundamental 
Elastodynamic Equations, (Ph.D. Thesis, Dept. El. Eng., University of Kassel, 
Germany, 1991 (in German)) 
6 . M. Spies, "Elastic Wave in Propagation in Transversely Isotropic Media. II: The 
Generalized Rayleigh-Function and an Integral Representation for the Transducer 
Field. Theory," J. Acoust. Soc. Am., accepted for publication 
7 . V.T. Buchwald, "Rayleigh Waves in Transversely Isotropic Media," Quart. J. 
Mech. Appl. Math. 14,293-317 (1961) 
8 . J.L. Synge, "Elastic Waves in Anisotropic Media," J. Math. Phys. 35,323-335 
(1957) 
9 . D.M. Barnett, J. Lothe, "Consideration of the Existence of Surface Wave 
(Rayleigh Wave) Solutions in Anisotropic Elastic Crystals," J. Phys. F 4, 671-686 
(1974) 
10. E. Dieulesaint, D. Royer, "The Relationship Between Surface Wave Displacement 
and Anisotropy on Selected Crystal Structures," in: Rayleigh- Wave Theory and 
Application, Proc. of Int. Symp. by The Rank Prize Funds at the Royal 
Institution, London 15-17 July 1985 (Springer, Berlin/Heidelberg/Tokyo, 1985) 
11. M. Spies, F. WaIte, "Application-Directed Modeling of Radiation and Propagation 
of Elastic Waves in Anisotropic Media: GPSS and OPoSSM," these proceedings 
1012 
